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The unitary quasi-aﬃne transforms of contractions are the cornerstone of the exact theory
of irreversibility introduced by Misra, Prigogine and Courbage. This work shows that the
class of contractions with unitary quasi-aﬃne transforms is just C·1 and that every unitary
quasi-aﬃne transform of a contraction is unitarily equivalent to the residual part of its
Sz.-Nagy–Foias¸ dilation. Some connections with the Grossmann theory of nested Hilbert
spaces and generalized eigenvalues are established. These results are applied to the study
of the baker map.
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1. Introduction
We are interested in intertwining relations of the form
WΛ = ΛU ′, (1)
where W is a contraction deﬁned on a Hilbert space H, U ′ is a unitary operator on a Hilbert space H′ and Λ is at ﬁrst an
arbitrary linear operator from H′ into H. In particular we are interested in relations (1) where Λ is a quasi-aﬃnity, i.e. Λ is
a one-to-one and continuous operator from H′ onto a dense subspace in H, so that Λ−1 exists on this dense domain, but
is not necessarily continuous; U ′ is then called a unitary quasi-aﬃne transform of W .
The unitary quasi-aﬃne transforms of contractions have been already treated in the work of Sz.-Nagy and Foias¸ [12], and
their adjoints further studied under the name of unitary asymptotes by Kérchy [8]. To be precise, Sz.-Nagy–Foias¸ proved that
a unitary quasi-aﬃne transform of a contraction W of class C·1 and such that KerW = {0} is the residual part R,R of its
minimal isometric dilation; in such case, the adjoint of the orthogonal projection onto R restricted to H, Λ = (PR|H)∗ ,
is quasi-aﬃnity that intertwines R and W (see Proposition 6 below). One of the contributions of this work is a strong
converse of this result. Thus we can say that, given a unitary operator U ′ and a contraction W (with KerW = {0}), there exists
a quasi-aﬃnity Λ satisfying the intertwining relation (1) if and only if (iff ) W is of class C·1 and U ′ is unitarily equivalent to the
residual part R of the minimal dilation of W (see Theorem 10 and its corollaries). This result implies in particular that (R,Λ)
is a Kérchy unitary ∗-asymptote of W .
We also connect this theory with that of nested Hilbert spaces and generalized eigenvalues introduced by Grossmann [4].
A nested Hilbert space is a pair of Hilbert spaces each of which is in a certain sense identiﬁed with a dense subset of
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normalizable states of quantum-mechanical systems. We will see that, when Λ is a quasi-aﬃnity, the intertwining relation
(1) induces a nested Hilbert space (H′,H,Λ∗) and the generalized eigenvalues of U ′ are just the eigenvalues of W .
On the other hand, the intertwining relation (1) is in the basis of the exact theory of irreversibility introduced by Misra,
Prigogine and Courbage (MPC) in a series of papers [9,10] intended to unify dynamics and thermodynamics, including a
description of irreversible behavior at the microscopic level. Until the late 1970s it had been a general belief that stochastic
processes can arise from deterministic dynamics only as a result of some form of “coarse-graining” or approximations.
According to the MPC theory there is an “equivalence” between highly unstable deterministic and stochastic evolutions.
Such equivalence is established through quasi-aﬃnities and intertwining relations like (1), which convert unitary groups
associated with deterministic dynamics to contraction semigroups associated with stochastic Markov processes. In contrast
with the coarse-graining approach there is no loss of information involved in such transition.
Nowadays the exact MPC theory of irreversibility still needs further speciﬁcation and clariﬁcation ([5, Chapter II.1],
[1, Section 5.4]). Obviously, dropping positivity, the above mentioned result (Theorem 10 and its corollaries) characterizes
the irreversible dynamics induced by the exact MPC theory and gives the structure of the reversible evolutions admitting
such change of representation and a prototype for the intertwining quasi-aﬃnity, on the basis of the Sz.-Nagy–Foias¸ dilation
theory [12].
Here we apply these results to the study of the baker map. We will obtain spectral representations for its Frobenius–
Perron operator U ′ and the associated contraction W , and the Grossmann generalized eigenvalues of U ′ .
The paper is organized as follows. Section 2 contains a brief review of the terminology and results of the Sz.-Nagy–Foias¸
theory we will use throughout the paper. Section 3 includes a lifting theorem for operators Λ satisfying (1) and other
related results necessary in Section 4 to prove Theorem 10 and its corollaries. Section 5 is dedicated to the nested Hilbert
spaces. Finally, in Section 6 the study of the baker map is carried out.
2. Terminology and preliminaries
Our terminology and notations are those of [12], except for the Hilbert spaces of the minimal isometric and unitary
dilations, which are denoted here by K+ and K, respectively. We review them brieﬂy.
Let H ⊂ K be two Hilbert spaces. For operators A : H → H and B : K → K we write A = pr B when (Ah,h′) = (Bh,h′)
for all h,h′ ∈ H or, equivalently, Ah = PHBh for all h ∈ H, where PH denotes the orthogonal projection of K onto H. We
call B a dilation of A if
An = pr Bn, n = 1,2, . . . .
Two dilations of A, say B on K and B ′ on K′ , are called isomorphic if there exists a unitary operator U : K → K′ such that
Uh = h for h ∈ H and B ′ = U−1BU .
For every contraction W on a Hilbert space H there exist an isometric dilation U+ on some Hilbert space K+ ⊃ H and
a unitary dilation U on some Hilbert space K ⊃ H, which are moreover minimal in the sense that
K+ =
∞∨
0
Un+H and K =
∞∨
−∞
UnH.
These minimal isometric and unitary dilations are determined up to isomorphism, cf. [12, Section I.4]. In what follows we
consider the minimal isometric dilation U+ of W embedded in its minimal unitary dilation U in the following way:
K+ ≡
∞∨
0
UnH, U+ ≡ U |K+ .
PM will always denote the orthogonal projection from K+ or K onto a closed subspace M. Which space, K+ or K, will
be clear by the context.
Let V be an isometry on a Hilbert space H. A subspace L ⊂ H is called wandering for V if V nL ⊥ VmL for every pair
of integers m,n 0, m = n; since V is an isometry it suﬃces that V nL ⊥ L for n ∈ N. The orthogonal sum
M+(L) ≡
∞⊕
n=0
V nL
satisﬁes V M+(L) =⊕∞1 V nL = M+(L)  L.
If U is a unitary operator on H and L is a wandering subspace for U , since U−1 is also isometric, UmL ⊥ UnL for all
integers m = n. The subspace
M(L) =
∞⊕
−∞
UnL
reduces U . M(L) does not determine L, only its dimension.
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(the over bar denotes closure)
L ≡ (U − W )H, L∗ ≡ (U∗ − W ∗)H
are wandering subspaces for U and the space K can be decomposed into the orthogonal sum
K = · · · ⊕ U∗2L∗ ⊕ U∗L∗ ⊕L∗ ⊕ H ⊕ L ⊕ UL ⊕ U2L ⊕ · · · .
M(L) and M(L∗) reduce U and hence the same is true for the subspaces
R ≡ K  M(L∗), R∗ ≡ K  M(L).
We shall call residual part and dual residual part of U to the unitary operators
R ≡ U |R and R∗ ≡ U |R∗ .
Now consider the subspace
L∗ ≡ UL∗ =
(
I − UW ∗)H.
Then L and L∗ are wandering subspaces for the minimal isometric dilation U+ of W (and hence for U ) such that L∩L∗ =
{0} and
K+ = H ⊕ M+(L) = R ⊕ M+(L∗).
R is the subspace of K+ which reduces U+ (and U ) to the unitary part R of U+ . Moreover, R = {0} iff s-limn→∞ W ∗n = 0,
where s-lim denotes limit in strong sense, cf. [12, Section II.2].
A contraction W on H is called completely non-unitary (c.n.u.) if for non-zero reducing subspace H0 for W is W |H0
a unitary operator. To W there corresponds a unique decomposition of H into an orthogonal sum of two subspaces re-
ducing W , say H = H0 ⊕ H1, such that W |H0 is unitary and W |H1 is c.n.u. In particular, for an isometry, this canonical
decomposition coincides with the Wold decomposition, cf. [12, Theorem I.3.2]
3. A lifting theorem
The following result is a lifting theorem for operators Λ intertwining contractions and unitary operators. In this case an
explicit expression (2) for the lifting Λ+ is given. Similar expressions have been considered in the study of Pták generaliza-
tion of Toeplitz and Hankel operators, see [11] and references therein. Here we give a proof based on that of the classical
lifting theorem [12, Theorem II.2.3]. In what follows H and H′ are two Hilbert spaces.
Theorem 1. Let W be a contraction on H with minimal isometric dilation U+ on K+ , and let U ′ be a unitary operator on H′ . For
every bounded operator Λ : H′ → H satisfying the intertwining relation (1) there exists a unique bounded operator Λ+ : H′ → K+
such that U+Λ+ = Λ+U ′ , ‖Λ‖ = ‖Λ+‖ and Λ = PHΛ+ , which is of the form
Λ+ = s-lim
n→∞ U
n+ΛU ′−n. (2)
Proof. Since K+ = H ⊕ M+(L) the general form of an operator Λ+ : H′ → K+ satisfying Λ = PHΛ+ is
Λ+ = Λ + B0 + U+B1 + U2+B2 + · · · , (3)
where each Bn is an operator from H′ into L. From (3) we deduce
U+Λ+ − Λ+U ′ =
∞∑
n=0
Un+(Bn−1 − BnU ′),
with B−1 = U+Λ − ΛU ′ . Because of (1) we have B−1 = (U+ − W )Λ and thus B−1 is an operator from H′ into L. Being U ′
unitary, in order that Λ+ satisﬁes U+Λ+ = Λ+U ′ , it is therefore necessary and suﬃcient that
Bn = Bn−1U ′−1 for n = 0,1, . . . , B−1 = (U+ − W )Λ,
so that
Bn = (U+ − W )ΛU ′−(n+1) for n = 0,1, . . . ,
and, using (1),
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∞∑
n=0
Un+(U+ − W )ΛU ′−(n+1) = Λ +
∞∑
n=0
Un+1+ ΛU ′−(n+1) − Un+WΛU ′−(n+1)
= Λ +
∞∑
n=0
Un+1+ ΛU ′−(n+1) − Un+WΛU ′−(n+1) = Λ +
∞∑
n=0
Un+1+ ΛU ′−(n+1) − Un+ΛU ′−n
= Λ − Λ + s-lim
n→∞ U
n+ΛU ′−n = s-limn→∞ U
n+ΛU ′−n,
being the last limit in strong sense on L(H) because we are dealing with an orthogonal sum and for the Nth sum and each
h′ ∈ H′ , since U+ is an isometric extension of W , we have∥∥∥∥∥
(
Λ +
N−1∑
n=0
Un+Bn
)
h′
∥∥∥∥∥
2
= ‖Λh′‖2 +
N−1∑
n=0
‖Bnh′‖2 = ‖Λh′‖2 +
N−1∑
n=0
∥∥(U+ − W )ΛU ′−(n+1)h′∥∥2
= ‖Λh′‖2 +
N−1∑
n=0
(∥∥ΛU ′−(n+1)h′∥∥2 − ∥∥ΛU ′−nh′∥∥2)= ‖Λh′‖2 − ‖Λh′‖2 + ∥∥ΛU ′−Nh′∥∥2
 ‖Λ‖2∥∥U ′−Nh′∥∥2 = ‖Λ‖2‖h′‖2.
Moreover, since for all Λ+ satisfying Λ = PHΛ+ the inequality ‖Λ‖ ‖Λ+‖ holds, we have ‖Λ‖ = ‖Λ+‖. 
Remark 2. The operator Λ+ : H′ → K+ of Theorem 1 can also be considered as an operator from H′ into the space K ⊇ K+
where the minimal unitary dilation U of W is deﬁned. We will denote this operator by Λ+ as well. Obviously Λ+ : H′ → K
is of the form
Λ+ = s-lim
n→∞ U
nΛU ′−n (4)
and satisﬁes the conditions UΛ+ = Λ+U ′ , ‖Λ‖ = ‖Λ+‖ and Λ = PHΛ+ . From now on we shall use either meanings of Λ+
without causing confusion.
Dealing with intertwining relations between contractions and unitary operators, the relevant parts of the isometric and
unitary dilations are the residual ones. The following proposition is an easy consequence of the decomposition of an operator
that intertwines two contractions as an operator matrix with respect to the Wold decomposition of their minimal isometric
dilations given by Sz.-Nagy and Foias¸ in [13].
Proposition 3. Under the conditions of Theorem 1, the range of Λ+ is contained in the residual part R of K+ and K.
Proof. Recall that K+ = M+(L∗) ⊕R corresponds to the Wold decomposition of U+ , being U+|R unitary and U+|M+(L∗) a
unilateral shift. On the other hand, since U ′ is unitary, its minimal isometric (and unitary) dilation coincides with itself and
therefore K′+ = R′ = H′ and U ′+ = U ′ . It is well known [13, Section 1] that the operator Λ+ can be represented by a matrix
Λ+ =
(
A 0
B C
)
,
with A : M+(L′∗) → M+(L∗), B : M+(L′∗) → R and C : R′ → R, such that
U+|M+(L∗)A = AU ′|M+(L′∗), U+|RB = BU
′
|M+(L′∗), U+|RB = BU
′
|R.
Since in this case M+(L′∗) = {0}, we have A = B = 0 and Λ+ = C . 
In relation to the lifting theorem and the dual residual part we can say the following:
Proposition 4. Let W be a contraction on H with minimal unitary dilation U on K, and let U ′ be a unitary operator on H′ . For every
bounded operator Λ : H′ → H satisfying the intertwining relation (1) the following limit exists and
s-lim
n→∞ U
−nΛU ′n = PR∗Λ. (5)
Proof. For every h ∈ H we have [12, Proposition II.3.1]
s-lim
n→∞ U
−nWnh = PR∗h.
88 F. Gómez / J. Math. Anal. Appl. 351 (2009) 84–96Taking h = Λh′ , from the intertwining property (1) we obtain
s-lim
n→∞ U
−nΛU ′nh′ = s-lim
n→∞ U
−nWnΛh′ = PR∗Λh′, h′ ∈ H′. 
From (5), since U is unitary, limn→∞ ‖ΛU ′nh′‖ = ‖PR∗Λh′‖ (h′ ∈ H′), and, being U a dilation of W ,
s-lim
n→∞ W
∗nΛU ′n = PHPR∗Λ.
4. Unitary quasi-aﬃne transforms of contractions
In what follows we will say that the operator S1 acting on a Hilbert space H1 is a quasi-aﬃne transform of the operator
S2 acting on a Hilbert space H2 if there exists an quasi-aﬃnity Λ : H1 → H2 such that ΛS1 = S2Λ.
Some properties of the quasi-aﬃnities can be found in [12, Proposition II.3.4]:
Lemma 5. Let H1 , H2 and H3 be Hilbert spaces.
(a) If X : H1 → H2 and Y : H2 → H3 be quasi-aﬃnities, then Y X : H1 → H3 , X∗ : H2 → H1 and |X | = (X∗X)1/2 : H1 → H1 are
quasi-aﬃnities. Moreover, X |X |−1 extends by continuity to a unitary transformation from H1 to H2 .
(b) If a unitary operator U1 on H1 is the quasi-aﬃne transform of a unitary operator U2 on H2 , then U1 and U2 are unitarily
equivalent, i.e. there exists a unitary operator V : H1 → H2 such that U2V = V U1 .
Conditions under which a contraction has as unitary quasi-aﬃne transform the residual part of its minimal isometric
dilation are already given by Sz.-Nagy and Foias¸ [12, Proposition II.3.5]:
Proposition 6. Let W be a contraction on H and R, R the residual part of its minimal isometric dilation. If Wh = 0 and W ∗nh does
not converge to 0 for each nonzero h ∈ H, then Λ∗ ≡ PR|H is a quasi-aﬃnity from H to R such that WΛ = ΛR.
Proposition 6 will be improved in Corollary 13.
Other approach looking for unitary quasi-aﬃne transforms of contractions can be found in the proof of [12, Proposi-
tion II.5.3]:
Proposition 7. Let W be a bounded operator on H. Assume that there exists a selfadjoint operator A on H such that
0 < (Ah,h) < M‖h‖2 (0 = h ∈ H), (6)
and letΛ be the positive selfadjoint square root of A, which, by (6), is a quasi-aﬃnity onH. If (AW ∗h,W ∗k) = (Ah,k) for all h,k ∈ H,
then ΛW ∗Λ−1 extends (by continuity) to an isometric operator U on H satisfying ΛW ∗ = UΛ or, taking adjoints, WΛ = ΛU∗ . If,
in addition, Wh = 0 for h = 0, then U is unitary.
To prove the main results of this work, Theorem 10 and its corollaries, we will need the following technical lemmas.
Lemma 8. Let W be a contraction on H with minimal isometric and unitary dilations U+ and U on K+ and K, respectively, and R,
R the corresponding residual part. For a non-zero h ∈ H the following assertions are equivalent:
(a) h ⊥ PHR;
(b) s-limn→∞ W ∗nh = 0.
Proof. Let h be a non-zero vector such that h ∈ H and h ⊥ PHR or, equivalently, such that h ∈ H and h ⊥ R. Since
K+ = R ⊕ M+(L∗), h ∈ M+(L∗) and hence h has an orthogonal expansion h =∑∞m=0 Umhm , where hm ∈ L∗ and ‖h‖2 =∑∞
m=0 ‖hm‖2. Moreover, since W ∗ = prU−1 and U−νL∗ ⊥ H for ν > 0, we have
W ∗nh = PHU−nh = PH
∞∑
m=0
Um−nhm = PH
∑
mn
Um−nhm,
so that
s-lim
n→∞ W
∗nh = s-lim
n→∞
∑
mn
Um−nhm = 0
and (a) ⇒ (b) is proved. Now, to prove (b) ⇒ (a) assume that for a non-zero h ∈ H one has s-limn→∞ W ∗nh = 0. Then
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k=0
Uk+1
(
U∗ − W ∗)W ∗kh = h − UnW ∗nh ∈ M+(L∗)
and s-limn→∞ h − UnW ∗nh = h ∈ M+(L∗). Thus, h ⊥ PHR. 
An immediate consequence of Lemma 8 is the following:
Lemma 9. Let W be a contraction on H and let R, R be the residual part of its minimal isometric and unitary dilations U+ and U on
K+ and K, respectively. Then the following assertions are equivalent:
(a) PHR = H;
(b) W ∈ C·1 , i.e. s-limn→∞ W ∗nh = 0 for every non-zero h ∈ H.
In what follows we come back to the Hilbert spaces H and H′ of Section 3. The main assertion of Theorem 10 below is
that if U ′ is a unitary quasi-aﬃne transform of a contraction W and Λ is a quasi-aﬃnity intertwining both operators, then
U ′ is also a quasi-aﬃne transform of the residual part R of the minimal isometric dilation of W and the lifting Λ+ of Λ is
a quasi-aﬃnity intertwining U ′ and R , provided KerW = {0}. An immediate Corollary of this fact is that then U ′ and R are
unitarily equivalent.
Theorem 10. Let W be a contraction on H with KerW = {0}, minimal isometric and unitary dilations U+ and U on K+ and K,
respectively, and residual part R, R. Let U ′ be a unitary operator on H′ which is a quasi-aﬃne transform of W , i.e. there exists a
quasi-aﬃnity Λ : H′ → H such that the intertwining relation (1) is satisﬁed, and let Λ+ : H′ → K+ (or Λ+ : H′ → K) the lifting
operator Λ+ = s-limn→∞ Un+ΛU ′−n given in Theorem 1. Then
(a) W ∈ C·1 , i.e. W ∗nh does not converge to 0 for each non-zero h ∈ H;
(b) R ∩ M+(L) = {0};
(c) Λ+ is a quasi-aﬃnity from H′ into R such that RΛ+ = Λ+U ′ .
Proof. (a) Since Λ is a quasi-aﬃnity from H′ to H, we have H = ΛH′ . From Theorem 1, Λ = PHΛ+ . By Proposition 3,
Λ+ ⊆ R. Thus,
H = ΛH′ = PHΛ+H′ ⊆ PHR ⊆ H
and therefore PHR = H. But, by Lemma 9, PHR = H implies that W ∗nh does not converge to 0 for each non-zero h ∈ H.
(b) Suppose there exists a non-zero k ∈ R ∩ H⊥ . Then k ⊥ M(L∗) and k ⊥ H, so that k ∈ M+(L) and hence k has an
orthogonal expansion k =∑∞n=0 Unkn , where kn ∈ L and ‖k‖2 =∑∞n=0 ‖kn‖2. Since k = 0, there is at least one non-zero kn;
let kν be the ﬁrst of these non-zero terms. Then we have
U−ν−1k = U−1kν +
∞∑
μ=0
Uμkν+μ+1. (7)
Since k ∈ R and R reduces U , also U−ν−1k belongs to R = K  M(L∗) and, in particular, U−ν−1k ⊥ L∗ . Moreover, UμL ⊥
L∗ for μ 0 and we deduce from (7) that U−1kν ⊥ L∗ and kν ⊥ UL∗ . Since H⊕L = UL∗⊕UH, we conclude that kν ∈ UH.
Thus there exists an h ∈ H such that kν = Uh; consequently PHkν = PHUh = Wh. Since L ⊥ H, we have PHkν = 0 and
hence Wh = 0. But lν = 0 implies h = 0, and this is in contradiction with KerW = {0}.
(c) By Proposition 3, Λ+H′ ⊆ R. We must prove that Λ+ is injective and Λ+H′ = R. The injectivity of Λ+ follows from
that of Λ. Indeed, if there exist h′1,h′2 ∈ H′ such that Λ+h′1 = Λ+h′2, then PHΛ+h′1 = PHΛ+h′2, that is Λh′1 = Λh′2 and thus
h′1 = h′2. Now suppose that Λ+H′ = R, i.e. that there exists a non-zero k ∈ R such that k ⊥ Λ+H′ and then
(k,Λ+h′) = 0 for all h′ ∈ H′.
Taking into account the expression (2) for Λ+ and the relation Λ = PHΛ+ (see Theorem 1 and Remark 2) we have then
(k,Λ+h′) = lim
n→∞
(
k,UnΛU ′−nh′
)= lim
n→∞
(
U−nk, PHΛ+U ′−nh′
)
= lim
n→∞
(
U ′nΛ∗+PHU−nk,h′
)= 0 for all h′ ∈ H′.
But this is equivalent to
s-lim
n→∞ U
′nΛ∗+PHU−nk = 0,
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s-lim
n→∞ Λ
∗+PHU−nk = 0.
Thus,
lim
n→∞
(
Λ∗+PHU−nk,h′
)= lim
n→∞
(
PHU−nk, PHΛ+h′
)
= lim
n→∞
(
PHU−nk,Λh′
)= 0 for all h′ ∈ H′,
and, since Λ is quasi-aﬃnity, ΛH′ is dense in H and this implies
s-lim
n→∞ PHU
−nk = 0. (8)
Now recall that K+ = H ⊕ M+(L) = R ⊕ M+(L∗) and that R reduces U to its residual part R and then U−nk = R−nk ∈ R
for all k ∈ R and n ∈ Z. Therefore (8) implies s-limn→∞ U−nk ∈ R∩ M+(L), but, from (b), R ∩ M+(L) = {0} and we have
s-lim
n→∞ U
−nk = 0,
only possible if k = 0 since U is unitary. This proves Λ+H′ = R. 
Remark 11. Under the conditions of Theorem 10 except KerW = {0}, we have KerW ∩ RangΛ = {0}. Indeed, if there exists
a non-zero h ∈ KerW and h = Λh′ for some h′ ∈ H′ , from (1),
0= Wh = WΛh′ = ΛU ′h′,
so that U ′h′ ∈ KerΛ and therefore Λ cannot be a quasi-aﬃnity from H′ into H.
Corollary 12. Every unitary quasi-aﬃne transform of a contraction W is unitarily equivalent to the residual part of the minimal
isometric dilation of W , provided KerW = {0}.
Proof. This follows from Theorem 10(c) and Lemma 5(b). 
Other consequence of Theorem 10 is an improvement of Proposition 6 in the following sense:
Corollary 13. Let W be a contraction on H with KerW = {0} and R, R the residual part of its minimal isometric dilation. Then R is a
(unitary) quasi-aﬃne transform of W iff W ∈ C·1 , i.e. W ∗nh does not converge to 0 for each non-zero h ∈ H. In such case Λ ≡ PR|H
is a quasi-aﬃnity from H to R such that WΛ∗ = Λ∗R.
Proof. This follows from Theorem 10(a) and Proposition 6. 
We conclude this section with an obvious consequence of the previous facts:
Corollary 14. A contraction W on H with KerW = {0} has unitary quasi-aﬃne transforms iff W ∈ C·1 , i.e. W ∗nh does not converge
to 0 for each non-zero h ∈ H.
5. Nested Hilbert spaces
A nested Hilbert space (H0,H1, E01) is a structure that consists of two inﬁnite dimensional separable Hilbert spaces H0
and H1, a quasi-aﬃnity E01 of H1 into H0, and the adjoint quasi-aﬃnity E10 = E∗01 of H0 into H1.
Let A : H0 → H0 be a linear operator and consider in H1 the operator
j10(A) ≡ E−101 AE01.
The domain of j10(A) is the subset of E
−1
01 D(A) consisting of vectors f which are also such that AE01 f ∈ E01H1. The matrix
elements of j10(A) are different from the matrix elements of A, because of the different deﬁnition of the scalar product.
The eigenvalues of j∗10(A∗) include the “improper” eigenvalues of A, long familiar in quantum mechanics:
Deﬁnition 15. Let A be an operator in H0 such that A is densely deﬁned, so that the adjoint A∗ exists, and j10(A∗) is also
densely deﬁned, so that its adjoint j∗10(A∗) also exists. The complex number z is said to be a “generalized eigenvalue” of A
if there exists in H1 a non-zero vector f such that
j∗10
(
A∗
)
f = zf .
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j∗10(A∗) f = zf , with f = E10h.
Now let U be a unitary operator acting on a Hilbert space H′ , W a contraction on a Hilbert space H and Λ a quasi-
aﬃnity satisfying the intertwining relation (1). Taking adjoints we get
W ∗ = (Λ∗)−1U ′ ∗Λ∗.
Thus, identifying in the previous framework
E01 : H1 → H0 with Λ∗ : H → H′,
A : H0 → H0 with U ′ ∗ : H′ → H′,
j10(A) ≡ E−101 AE01 with W ∗ =
(
Λ∗
)−1
U ′ ∗Λ∗,
we have the following:
Proposition 16. In the nested Hilbert space (H′,H,Λ∗) the generalized eigenvalues of U ′ are the eigenvalues of W .
6. The baker map
The baker map is one of the ﬁrst examples of reversible mixing transformations and was introduced by Hopf [7]. It is
deﬁned on the unit square [0,1)2 as a two-step operation: (1) squeeze the unit square to a 2 × 1/2-rectangle and (2) cut
the rectangle into two 1× 1/2-rectangles and pile them up to recover the unit square:
B(x, y) =
{
(2x, y2 ), 0 x <
1
2 ,
(2x− 1, y+12 ), 12  x < 1.
It is a typical Kolmogorov system (K-system) with the Lebesgue measure as an ergodic invariant measure. The time evolution
of the probability densities ρ(x, y) is governed by the Frobenius–Perron operator (we drop here the prime of previous
sections)
Uρ(x, y) ≡ ρ(B−1(x, y))=
{
ρ( x2 ,2y), 0 y <
1
2 ,
ρ( x+12 ,2y − 1), 12  y < 1.
(9)
The operator U is unitary on the Hilbert space L2([0,1)2) of square integrable functions with respect to the Lebesgue
measure. It is well known [3] that for K-systems, U has a Lebesgue spectrum: an inﬁnitely degenerate continuous spectrum
on the unit circle plus a point eigenvalue at z = 1.
6.1. Λ-transformation
For the baker map a Λ-transformation is constructed as follows [10]. Let χ0 be the function
χ0(x, y) ≡
{−1, 0 x < 1/2,
1, 1/2 x < 1,
and, for each ﬁnite set S = {n1, . . . ,nr} of integers (n j = nk if j = k), set
χS (x, y) ≡ Un1χ0(x, y)Un2χ0(x, y) · · ·Unrχ0(x, y).
Then the family of functions {χS} together with the unit function 1 form a complete orthonormal set of L2([0,1)2). Note
that
UχS = χS+1, (10)
where S + 1 = {n1 + 1, . . . ,nr + 1} if S = {n1, . . . ,nr}. Now, for each integer n, deﬁne the operator En to be the orthogonal
projection operator onto the subspace spanned by χS such that nS ≡max{n j ∈ S} = n. The Λ-transformation is deﬁned by
Λ ≡
∞∑
λnEn + P0,
n=−∞
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positive monotonically decreasing sequence bounded by 1 such that λn+1/λn also decreases monotonically as n increases.1
This leads to
W ≡ ΛUΛ−1 =
∞∑
n=−∞
λn+1
λn
U En + P0. (11)
The operator W is a contraction such that W 1= 1 and ‖Wn(ρ − 1)‖ decreases strictly monotonically to 0 as n → ∞.
6.2. Characteristic functions
By virtue of (10),
UkEn = En+kUk (−∞ < n,k < ∞).
Therefore,
W ∗W =
∞∑
n=−∞
(
λn+1
λn
)2
En + P0,
WW ∗ =
∞∑
n=−∞
(
λn
λn−1
)2
En + P0,
so that the defect operators are
DW ≡
(
IH − W ∗W
)1/2 = ∞∑
n=−∞
[
1−
(
λn+1
λn
)2]1/2
En,
DW ∗ ≡
(
IH − WW ∗
)1/2 = ∞∑
n=−∞
[
1−
(
λn
λn−1
)2]1/2
En,
which are selfadjoint and bounded by 0 and 1, with defect spaces
DW ≡ DWH = (Ker DW )⊥ = L2  C,
DW ∗ ≡ DW ∗H =
(
Ker DW ∗
)⊥ = L2  C,
if {λn}−∞<n<∞ is a strictly decreasing sequence (here C denotes the space of constant functions on [0,1)2).
The characteristic function of W , valued on the set of bounded operators from DW into DW ∗ , is deﬁned for λ in the unit
disc D ≡ {λ ∈ C: |λ| < 1} by
ΘW (λ) ≡
[−W + λDW ∗(I − λW ∗)−1DW ]|DW
=
[
−W +
∞∑
k=1
λkDW ∗W
∗k−1DW
]
|DW
, (12)
the expansion being convergent in norm. Since for k 0 we have
W ∗k =
∞∑
n=−∞
λn
λn−k
U∗k En + P0,
from (12) we obtain for λ ∈ D
ΘW (λ) =
∞∑
n=−∞
[
−γn+1U + βn
( ∞∑
k=0
λk+1αn−kU∗k
)]
En
=
∞∑
n=−∞
[
− 1
γn+1
+ βn
( ∞∑
k=0
λkαn−k+1U∗k
)]
U En, (13)
1 An example of such sequence {λn}−∞<n<∞ is given by
λn = 1
1+ en/τ , τ > 0.
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αn ≡
(
1
λ2n
− 1
λ2n−1
)1/2
, βn ≡
(
λ2n − λ2n+1
)1/2
, γn ≡ λn
λn−1
. (14)
In a similar way, the characteristic function of W ∗ , valued on the set of bounded operators from DW ∗ into DW , is given
for λ ∈ D by
ΘW ∗ (λ) ≡
[−W ∗ + λDW (I − λW )−1DW ∗]|DW ∗
=
∞∑
n=−∞
[
−γnU∗ + αn
( ∞∑
k=0
λk+1βn+kUk
)]
En =
∞∑
n=−∞
[
− 1
γn
+ αn
( ∞∑
k=0
λkβn+k−1Uk
)]
U∗En. (15)
6.3. Spectral representations
Given a separable Hilbert space G , let L2(∂D;G) denote the set of all measurable functions v : ∂D → G such that
1
2π
∫ 2π
0 ‖v(eiθ )‖2G dθ < ∞ (modulo sets of measure zero); measurability here can be interpreted either strongly or weakly,
which amounts to the same due to the separability of G . The functions in L2(∂D;G) constitute a Hilbert space with
pointwise deﬁnition of linear operations and inner product given by (u, v) ≡ 12π
∫ 2π
0 (u(e
iθ ), v(eiθ ))G dθ (u, v ∈ L2(∂D;G)).
Let H2(∂D;G) be the Hardy class of all functions of L2(∂D;G) whose kth Fourier coeﬃcients vanish for all negative
k’s. The elements of H2(∂D;G) are just the boundary values of the G-valued holomorphic functions on D such that
1
2π
∫ 2π
0 ‖u(reiθ )‖2G dθ (0  r < 1), has a bound independent of r. Elementary properties of vector and operator valued
functions are given in Hille and Phillips [6, Chapter III]; see also [12, Section V.1]. For the baker map we deal with
G = DW = DW ∗ = L2([0,1)2)  C.
For almost all eiθ ∈ ∂D (with respect to the normalized Lebesgue measure) the following limit exists
ΘW
(
eiθ
)≡ s-limΘW (λ) (λ ∈ D, λ → eiθ non-tangentially).
Such limits induce a decomposable operator ΘW from L2(∂D;DW ) into L2(∂D;DW ∗ ) deﬁned by
[ΘW v]
(
eiθ
)≡ ΘW (eiθ )v(eiθ ) for v ∈ L2(∂D;DW ).
For those eiθ ∈ ∂D at which ΘW (eiθ ) exists, thus a.e., set
W
(
eiθ
)≡ [I − ΘW (eiθ )∗ΘW (eiθ )]1/2.
W (eiθ ) is a selfadjoint operator on DW bounded by 0 and 1. As a function of eiθ , W (eiθ ) is strongly measurable and
generates by
[W v]
(
eiθ
)≡ W (eiθ )v(eiθ ) for v ∈ L2(∂D;DW ),
a selfadjoint operator W on L2(∂D;DW ) also bounded by 0 and 1. In this case, from (12) we get
ΘW
(
eiθ
)∗
ΘW
(
eiθ
)= I − 1
λ2−∞
Γ
(
eiθ
)
,
where λ±∞ ≡ limn→±∞ λn and
Γ
(
eiθ
)≡ ∞∑
n=−∞
βn
[ ∞∑
k=−∞
e−ikθβn+kUk
]
En.
The operator Γ (eiθ ) is selfadjoint and such that Γ (eiθ )2 = (λ2−∞ − λ2∞)Γ (eiθ ). Thus, the operator
P
(
eiθ
)≡ 1
λ2−∞ − λ2∞
Γ
(
eiθ
)
is an orthogonal projection and
W
(
eiθ
)= [ 1
λ2−∞
Γ
(
eiθ
)]1/2 = (λ2−∞ − λ2∞)1/2
λ−∞
P
(
eiθ
)= 1
λ−∞(λ2−∞ − λ2∞)1/2
Γ
(
eiθ
)
.
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[
W
(
eiθ
)]
χS = βnS
λ−∞(λ2−∞ − λ2∞)1/2
∞∑
k=−∞
e−ikθβnS+kχS+k.
Therefore,
W L2(∂D;DW ) = span
{ ∞∑
k=−∞
e−ikθβnS+kχS+k: ∀S
}
. (16)
The functional model for a c.n.u. contraction W on a complex separable Hilbert space, its dilations and residual part
can be found in the monograph of Sz.-Nagy and Foias¸ [12, Section VI.2 and Theorem VI.3.1]. For the residual part R,R it is
given by
Rˆ ≡ W L2(∂D;DW ), Rˆ(v) ≡ eiθ v
(
eiθ
)
(v ∈ Rˆ),
or in the light of (16) and the unitary equivalence between R and U (Corollary 12),
Rˆ ≡ span
{ ∞∑
k=−∞
e−ikθβnS+kχS+k: ∀S
}
,
Rˆ
( ∞∑
k=−∞
e−ikθβnS+kχS+k
)
=
∞∑
k=−∞
e−i(k−1)θ βnS+kχS+k. (17)
On the other hand, since in this analysis W can be identiﬁed with its restriction to L2([0,1)2)C, which is of class C01,
the functional model of W is of the form
Hˆ = H2(∂D;DW )  ΘW ∗ H2
(
∂D;DW ∗
)
,[
Wˆ (u)
](
eiθ
)= e−iθ [u(eiθ )− u(0)], u ∈ Hˆ. (18)
To obtain a convenient description of the space Hˆ and the operator Wˆ let us consider the Fourier transformation F which
carries the spaces L2(∂D;DW ) and H2(∂D;DW ) onto the spaces of DW -valued sequences l2(Z;DW ) and l2(Z+;DW ),
respectively, where Z+ ≡ {l ∈ Z: l 0}. F is given by
F : L2(∂D;DW )  l2(Z;DW ),∑
S
aS
(
eiθ
)
χS ↔ F
[∑
S
(∑
l∈Z+
alSe
ilθ
)
χS
]
=
∑
S
∑
l∈Z+
alSχ
l
S , (19)
where alS = 12π
∫ 2π
0 e
−ilθaS(eiθ )dθ and
χ lS ≡ F
(
eilθχS
)= (. . . , (l−1)0 , (l)χS , (l+1)0 , . . .), ∀S, ∀l ∈ Z.
Obviously, {χ lS : ∀S, ∀l ∈ Z} is an orthonormal basis for l2(Z;H) and {χ lS : ∀S, ∀l ∈ Z±} are orthonormal bases for
l2(Z±;H).
By virtue of (15),
[
ΘW ∗
(
eiθ
)](
eilθχS
)= −γnS eilθχS−1 + αnS
( ∞∑
k=0
βnS+ke
i(l+k+1)θχS+k
)
.
Therefore,
[
FΘW ∗
(
eiθ
)
F−1
](
χ lS
)= −γnSχ lS−1 + αnS
( ∞∑
k=0
βnS+kχ
l+k+1
S+k
)
.
We have then that an element
∑
S
∑
j∈Z+ a
j
Sχ
j
S of l
2(Z+;DW ∗ ) is orthogonal to [FΘW ∗ (eiθ )F−1]l2(Z+;DW ∗ ) iff
−γnS alS−1 + αnS
( ∞∑
k=0
βnS+ka
l+k+1
S+k
)
= 0, ∀S, ∀l ∈ Z+.
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al+1S =
βnS
βnS−1
alS−1, ∀S, ∀l ∈ Z+,
so that
alS =
βnS
βnS−l
a0S−l, ∀S, ∀l ∈ Z+. (20)
Therefore, by virtue of (18), the spectral representation Wˆ : Hˆ → Hˆ of W is given by
Wˆ
(∑
S
aS
(
eiθ
)
χS
)
=
∑
S
e−iθ
(
aS
(
eiθ
)− a0S)χS (21)
and, from (20),
Hˆ = H2(∂D;DW )  ΘW ∗ H2
(
∂D;DW ∗
)
=
{∑
S
aS
(
eiθ
)
χS ∈ L2(∂D;DW ): aS
(
eiθ
)= ∞∑
l=0
eilθ
βnS
βnS−l
a0S−l, ∀S
}
.
Summing up:
Proposition 17. The Frobenius–Perron operator U of the baker map given in (9) and the associated contraction W given in (11) have
the respective spectral representations (17) and (21).
By means of the Fourier transformation F given in (19) we can also obtain translation representations from the spectral
ones. It is not diﬃcult to show that such translation representations are isomorphic to the original U and W given in (11)
restricted to L2([0,1)2)  C.
6.4. Grossmann generalized eigenvalues of U
By virtue of Proposition 16, in the nested Hilbert space (H′,H,Λ∗) the generalized eigenvalues of U are the eigenvalues
of W . On the other hand, the point spectrum of W restricted to L2([0,1)2  C is the set of points λ ∈ D for which ΘT (λ)
is not one-to-one [12, Theorem VI.4.1].
To obtain KerΘW (λ) we must solve the equation [ΘW (λ)](∑S aS (λ)χS ) = 0, which amounts to
aS (λ) = γnS+1αnS+1
∞∑
k=0
λkβnS+kaS+k(λ), ∀S.
In particular, subtracting to this equation for S the equation for S + 1 multiplied by λ we get the recurrence relation
aS+1(λ) = λ−1 βnS+1
βnS
aS (λ),
so that
aS+k(λ) = λ−k βnS+k
βnS
aS (λ), ∀S, ∀k ∈ Z. (22)
It is immediate to see that
∑
S |aS(λ)|2 converges when c+ < |λ| < c− and that
∑
S |aS (λ)|2 diverges if c− < |λ| or |λ| < c+ ,
where c± = limk→±∞ λk±1/λk . Therefore:
Proposition 18. In the nested Hilbert space (H′,H,Λ∗) the set of Grossmann generalized eigenvalues of U contains the annulus
{λ ∈ C: c+ < |λ| < 1} and is contained in the annulus {λ ∈ C: c+  |λ| < 1}. The corresponding eigenvectors ∑S aS(λ)χS must
satisfy (22).
See Antoniou and Tasaki [2] and Tasaki [14] for generalized spectral decompositions including the Pollicot–Ruelle reso-
nances.
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